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Abstract. We study topological groups having all closed subgroups (totally)
minimal and we call such groups c-(totally) minimal. We show that a locally
compact c-minimal connected group is compact. Using a well-known theorem
of Hall and Kulatilaka [20] and a characterization of a certain class of Lie
groups, due to Grosser and Herfort [19], we prove that a c-minimal locally
solvable Lie group is compact.
It is shown that if a topological group G contains a compact open normal
subgroup N , then G is c-totally minimal if and only if G/N is hereditarily
non-topologizable. Moreover, a c-totally minimal group that is either complete
solvable or strongly compactly covered must be compact.
1. Introduction
All topological groups in this paper are Hausdorff. A topological group (G,τ) is
called minimal [14, 31] if there exists no group topology on G that is strictly coarser
than τ. Equivalently, if every continuous isomorphism f ∶ G → H, where H is an
arbitrary topological group, is a topological isomorphism. If the same holds for
every quotient of G, then G is totally minimal [10]. This is exactly a group G that
satisfies the open mapping theorem. The topological semidirect product R ⋋ R+,
where R+ is the multiplicative group of positive reals, is a locally compact minimal
group that is not totally minimal (see [6]). For more information on minimal groups
we refer the reader to [4, 12, 15, 26] (see also the survey [9] and the book [11]).
In 1971, Stephenson proved the following result.
Fact 1.1. [31, Theorem 1] A minimal locally compact abelian group is compact.
This result was extended substantially by Prodanov and Stoyanov.
Fact 1.2. [27] Every minimal abelian group is precompact.
Recently, Banakh [3] provided a quantitative generalization of this theorem.
Dikranjan, Toller and the authors introduced the following two concepts in [32,
Definition 1.2] and [33, Definition 1.5], respectively.
Definition 1.3. A topological group G is said to be:
(1) hereditarily minimal if every subgroup of G is minimal;
(2) densely minimal if every dense subgroup of G is minimal.
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2It is easy to see that a topological group G is hereditarily minimal if and only
if every closed subgroup of G is densely minimal. Prodanov [26] proved that the
p-adic integers are the only infinite (locally) compact hereditarily minimal abelian
groups. Later, Dikranjan and Stoyanov [12] classified all the hereditarily minimal
abelian groups. In [32, Theorem D], all infinite locally compact solvable hereditarily
minimal groups were classified.
The next theorem provides another extension of Prodanov’s theorem.
Fact 1.4. [33, Theorem C] For an infinite locally compact abelian group K, the
following conditions are equivalent:
(a) K is a hereditarily minimal group;
(b) K is a densely minimal group;
(c) K is isomorphic to Zp for some prime p.
In this paper, we study the topological groups having all closed subgroups min-
imal.
Definition 1.5. A topological group G is called c-minimal if every closed subgroup
of G is minimal.
It follows from Fact 1.2 that every closed abelian subgroup of a complete c-
minimal group G (e.g., the center Z(G)) is compact. Megrelishvili [22] proved
that every topological group is a group retract of a minimal group. Hence, every
topological group is a closed subgroup (and a quotient) of a minimal group.
Note that both the class of minimal groups and the class of totally minimal
groups are closed under taking closed central subgroups (see [11, Proposition 7.2.5]).
In particular, a minimal abelian group is c-minimal while this property does not
hold even for a two-step nilpotent minimal group, as the next example shows.
Example 1.6. The Generalized Weyl-Heisenberg groups H0(V ) = (T ⊕ V ) ⋋ V ∗,
defined for every normed space V , are minimal (see [8]). However, H0(R) is not
c-minimal since it contains R as a closed non-minimal subgroup.
The following diagram summarizes the interrelations between the classes of min-
imal groups defined above. Example 1.7 shows, among other things, that all inclu-
sions are proper.
(2) (3)(4)(1)
(1) minimal groups;
(2) c-minimal groups;
(3) densely minimal groups;
(4) hereditarily minimal groups.
3Example 1.7.
(a) By Bader and Gelander [1], the special linear groups SL(n,F) are totally min-
imal for every local field F (see also [23] for a new independent proof). In
particular, SL(3,C) is totally minimal. By [23, Corollary 5.11(3)], its dense
subgroup SL(3,Q(i)) fails to be minimal, where Q(i) ∶= {a + bi ∶ a, b ∈ Q} is
the Gaussian rational field. Moreover, SL(3,C) is not c-minimal as it contains
C as a closed subgroup. This shows that the union of (2) and (3) is properly
contained in (1).
(b) Let G be any infinite compact abelian group that is not isomorphic to Zp for
any prime p. By Fact 1.4, G is in (2) but not in (3).
(c) Consider the projective special linear group PSL(n,R) = SL(n,R)/Z, where
SL(n,R) is the special linear group with center Z = {c I ∶ cn = 1}. By [28,
Thoerem 2.4], the group PSL(n,R) is (totally) minimal. Being also simple (see
[29, Corollary 3.2.9]), it must be densely minimal according to [33, Lemma
4.4]. However, since PSL(n,R) is a connected non-compact Lie group, it is not
c-minimal by Proposition 2.3 below. This means that (3) is not contained in
(2).
(d) By [33, Example 3.11], the compact two-step nilpotent group
G =
⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎝
1 a b
0 1 c
0 0 1
⎞⎟⎠ ∣ a, b, c ∈ Zp
⎫⎪⎪⎬⎪⎪⎭
is densely minimal but not hereditarily minimal. Since every compact group is
c-minimal, we deduce that a topological group that is simultaneously c-minimal
and densely minimal need not be hereditarily minimal. So (4) is properly
contained in the intersection of (2) and (3).
1.1. Notation and terminology. The fields of rationals and reals are denoted by
Q and R, respectively. The group of the unit circle is T ⊆ C, where C denotes the
field of complex numbers. For a prime number p, Zp stands for the ring of p-adic
integers. We denote by N and N+ the sets of non-negative integers and positive
natural numbers, respectively.
An element x of a group G is torsion if the subgroup of G generated by x,
denoted by ⟨x⟩, is finite. Moreover, G is torsion if every element of G is torsion.
Let P be an algebraic (or set-theoretic) property. A group is called locally P if
every finitely generated subgroup has the property P . For example, in a locally
finite group every finitely generated subgroup is finite. In particular, a locally finite
group is torsion.
A group G is solvable if there exist k ∈ N+ and a subnormal series
G0 = {e} ⊴ G1 ⊴⋯ ⊴ Gk = G,
where e denotes the identity element, such that the quotient group Gj/Gj−1 is
abelian for every j ∈ {1, . . . , k}. The subgroup Z(G) denotes the center of G, and
we set Z0(G) = {e} and Z1(G) = Z(G). For n > 1, the n-th center Zn(G) is defined
as follows: Zn(G) = {x ∈ G ∶ xyx−1y−1 ∈ Zn−1(G) for every y ∈ G}. A group is
nilpotent if Zn(G) = G for some n ∈ N. In this case, its nilpotency class is the
minimum of such n.
4Let G be a topological group and H be its subgroup. The closure of H in G is
denoted by H, and c(G) is the connected component of G. If c(G) = {e}, then G
is totally disconnected. It is known that the connected component of a Lie group
is open. A topological group is called complete if it is complete with respect to
its two-sided uniformity, and it is precompact if its completion is compact. Finally,
G is balanced if it admits a local base at the identity consisting of neighborhoods
invariant under conjugations.
2. c-minimal Lie groups
The minimality of Lie groups has been studied by many authors (see [16, 18,
25, 28]). By Omori [25], a connected nilpotent Lie group with compact center is
minimal. By Remus and Stoyanov [28], a connected semi-simple Lie group is totally
minimal if and only if its center is finite. In particular, the special linear groups
SL(n,R) are totally minimal.
The main goal of this section is to prove that a c-minimal locally solvable Lie
group is compact (see Theorem 2.11 below). We start by recalling that a topological
group G is compactly covered if every element g ∈ G is contained in a compact
subgroup of G. It is easy to see that the class of compactly covered groups is closed
under taking quotients and closed subgroups.
Lemma 2.1. A complete c-minimal group G is compactly covered.
Proof. Take a non-torsion element g ∈ G. As G is c-minimal group, it follows from
Fact 1.2 that ⟨g⟩ is precompact. The completeness of G implies that its subgroup
⟨g⟩ is compact. This proves that G is compactly covered. 
Clearly, a compact group is c-minimal. Using the next reformulated result, we
shall prove in Proposition 2.3 that the converse is true for connected locally compact
groups.
Fact 2.2. [2, Lemma 2.15] Let H be a connected locally compact group. If H is
compactly covered, then it is compact.
Proposition 2.3. If G is a locally compact c-minimal group, then c(G) is compact.
In particular, a connected locally compact c-minimal group is compact.
Proof. By Lemma 2.1, the closed subgroup c(G) is compactly covered. Being also
locally compact and connected, it must be compact in view of Fact 2.2. The last
assertion now trivially follows. 
Lemma 2.4. Let G be a locally compact group that is either balanced or Lie. If G
is c-minimal, then it contains a compact open normal subgroup.
Proof. Let G be a locally compact c-minimal group. By Proposition 2.3, the con-
nected component c(G) is compact. In case G is Lie, then its compact normal
subgroup c(G) is open.
In case G is balanced, then G/c(G) is a locally compact totally disconnected
balanced group. Hence, the latter group has a local base at the identity consisting
of compact open normal subgroups. Pick any K from this local base. As c(G)
is compact normal subgroup of G, it follows that N = q−1(K) is a compact open
normal subgroup of G, where q ∶ G→ G/c(G) is the quotient homomorphism. 
5The following result, due to Grosser and Herfort, characterizes all Lie groups
with relatively compact abelian subgroups.
Fact 2.5. [19, Theorem 3.2] For a Lie group G the following holds: every abelian
subgroup of G has compact closure if and only if c(G) is compact and every abelian
subgroup of the quotient G/c(G) is finite.
Fact 2.5 and Fact 1.2 imply:
Corollary 2.6. Let G be a c-minimal Lie group. Then G satisfies the following
properties:
(1) c(G) is compact;
(2) every abelian subgroup of G/c(G) is finite.
We thank D. Dikranjan for providing us the next example which shows that
a Lie group satisfying properties (1)-(2) need not be c-minimal. Recall that a
group is called topologizable if it admits a non-discrete Hausdorff group topology
and non-topologizable otherwise.
Example 2.7. Let G = T2 ×(T, τd), where T is a topologizable Tarski monster (such
groups can be found in [21, 24]) equipped with the discrete topology τd. Then G
is a Lie group with c(G) = T2 compact, and all abelian subgroups of G/c(G) = T
are finite cyclic. However, since (T, τd) is a closed non-minimal subgroup of G we
deduce that G is not c-minimal.
We list here some properties of locally solvable groups (see [13] for example).
Fact 2.8. If G is a locally solvable group, then
(1) the subgroups and homomorphic images of G are locally solvable;
(2) G is locally finite if and only if G is torsion.
The next fact, which deals with infinite discrete hereditarily minimal groups,
will also be used in the sequel.
Fact 2.9. [32, Lemma 3.5] If G is an infinite discrete hereditarily minimal group,
then the abelian subgroups of G are finite. In particular, the center of G is finite,
G is torsion but it is neither locally finite nor locally solvable.
By Fact 2.9, a locally solvable discrete hereditarily minimal group is finite. One
of the key ingredients in the proof of Theorem 2.11, which extends this result, is
the following classical theorem of Hall and Kulatilaka.
Fact 2.10. [20] Every infinite locally finite group contains an infinite abelian sub-
group.
Theorem 2.11. If G is a c-minimal locally solvable Lie group, then G is compact.
Proof. By Corollary 2.6(2), the factor group G/c(G) is torsion. By Fact 2.8(1), it
is also locally solvable. So it is locally finite according to Fact 2.8(2). Since c(G)
is compact by Corollary 2.6(1), it suffices to prove that G/c(G) is finite. Assume
for a contradiction that G/c(G) is infinite. In view of Fact 2.10, it must contain an
infinite abelian subgroup. This contradicts Corollary 2.6(2). 
63. c-totally minimal groups
Definition 3.1. Call a topological group G c-totally minimal if every closed sub-
group of G is totally minimal.
The main result of this section is Theorem 3.10 in which we characterize the
c-totally minimal groups having a compact open normal subgroup. We start by
recalling some related concepts.
Definition 3.2. A topological group G is said to be:
(1) [32, Definition 6.15] hereditarily totally minimal if every subgroup of G is
totally minimal;
(2) [33, Definition 1.8] densely totally minimal if every dense subgroup of G is
totally minimal.
Now we give an example of a densely totally minimal group that is not c-minimal.
Example 3.3. The first example of a non-topologizable group G was provided by
Shelah [30] under the assumption of CH. The group G is simple, so it is also densely
totally minimal when equipped with the (unique) discrete topology (see [33, Lemma
4.4]). Being torsion free, it is not hereditarily minimal as discrete hereditarily
minimal groups are torsion by Fact 2.9. Moreover, since discrete c-minimal groups
are hereditarily minimal, we deduce that G is not c-minimal.
Clearly, a compact group is c-totally minimal. A hereditarily totally minimal
group is both densely totally minimal and c-totally minimal. As the following
example shows, the converse is not true in general.
Example 3.4. By [33, Example 4.6], the special orthogonal group G = SO(n,R),
where n ≥ 5, is densely totally minimal but not hereditarily minimal. Being com-
pact, G is also c-totally minimal.
The next fact was originally proved in [15] and we use it in the proof of Propo-
sition 3.6.
Fact 3.5. [11, Theorem 7.3.1] If a topological group G contains a compact normal
subgroup N such that G/N is (totally) minimal, then G is (resp., totally) minimal.
Proposition 3.6. Let G be a topological group. If there exists a compact open
normal subgroup N of G such that the quotient group G/N is hereditarily (totally)
minimal, then G is c-(totally) minimal.
Proof. Let H be a closed subgroup of G. Since G/N is a hereditarily (totally)
minimal group, its subgroup HN/N is (totally) minimal. The discrete groups
HN/N and H/(H ∩N) are isomorphic. So H/(H ∩N) is also (totally) minimal
group with H ∩N compact. By Fact 3.5, H is (totally) minimal. 
We now provide an example of locally compact c-totally minimal groups that are
neither compact nor discrete. It is still open whether there exists a locally compact
hereditarily minimal group that is neither compact nor discrete (see [32, Question
7.3(1)]). On the other hand, we shall see in Proposition 3.8 below that a complete
solvable c-totally minimal group must be compact.
Example 3.7. Recall that a group is called hereditarily non-topologizable when it is
hereditarily totally minimal in the discrete topology. It is known that such groups
7exist (see [21]). Let G = N × T , where N is a compact group and T is a discrete
hereditarily non-topologizable group. Then G is c-totally minimal by Proposition
3.6.
Proposition 3.8. If G is a solvable c-totally minimal group, then G is precompact.
In particular, a complete solvable c-totally minimal group is compact.
Proof. As G is solvable, there exist k ∈ N and a subnormal series
G0 = {e} ⊴ G1 ⊴ ⋯ ⊴ Gk = G
such that the quotient group Gj/Gj−1 is abelian for every j ∈ {1, . . . , k}. Moreover,
we may assume without loss of generality that the subgroups Gj are closed in G.
Since G0 is compact, it suffices to show that if Gj−1 is precompact for some
j ∈ {1, . . . , k}, then so is Gj . As G is c-totally minimal, the abelian factor group
Gj/Gj−1 is minimal. Using Fact 1.2, we deduce that Gj/Gj−1 is precompact. As
precompactness is a three space property (see [5] for example), the subgroup Gj is
also precompact, as needed. 
The following lemma was proved in [32, Lemma 6.19] only for hereditarily totally
minimal groups. We provide a similar proof here for the sake of completeness.
Lemma 3.9. If G is a c-totally minimal group, then all quotients of G are c-totally
minimal.
Proof. Let N be a closed normal subgroup of G and q ∶ G → G/N be the quotient
map. Take a closed subgroupD of G/N and let D1 = q
−1(D). Now we prove that D
is totally minimal. Consider the restriction q′ ∶ D1 →D. Clearly, q′ is a continuous
surjective homomorphism. Since D1 is totally minimal by the hypothesis on G, we
obtain that q′ is open. Moreover, being a quotient group of D1, we deduce that D
is totally minimal. 
Theorem 3.10. Let N be a compact open normal subgroup of a topological group
G.Then the following conditions are equivalent:
(1) G is c-totally minimal;
(2) G/N is hereditarily totally minimal (i.e., hereditarily non-topologizable).
Proof. (1)⇒ (2): As G is c-totally minimal, Lemma 3.9 implies that the quotient
G/N is c-totally minimal. Being discrete, G/N is hereditarily totally minimal.
(2)⇒ (1): See Proposition 3.6. 
Corollary 3.11. Let G be a locally compact group that is either balanced or Lie.
Then the following conditions are equivalent:
(1) G is c-totally minimal;
(2) there exists a compact open normal subgroup N of G such that G/N is
hereditarily totally minimal.
Proof. (1)⇒ (2): By Lemma 2.4, there exists a compact open normal subgroup N
of G. Using Theorem 3.10, we deduce that G/N is hereditarily totally minimal.
(2)⇒ (1): Use Theorem 3.10. 
We now provide another sufficient condition for the compactness of a c-totally
minimal group. A topological group G is called strongly compactly covered (see [17])
if every element of G is contained in a compact open normal subgroup of G.
8Corollary 3.12. Let G be a strongly compactly covered group. If G is c-totally
minimal, then it is compact.
Proof. By [17, Proposition 1.1], G contains a compact open normal subgroup N
such that G/N is a torsion FC-group (i.e., every element has finitely many con-
jugates). By Theorem 3.10, this discrete locally finite group is also hereditarily
totally minimal. According to Fact 2.9, G/N must be finite. This implies that G
is compact, as needed. 
4. Open questions and concluding remarks
By Proposition 3.8, a complete c-totally minimal solvable group is compact. Can
this result be extended to locally solvable groups? In other words:
Question 4.1. Let G be a complete c-totally minimal locally solvable group. Is G
compact?
The next proposition provides a positive answer to Question 4.1 in case G has a
compact open normal subgroup.
Proposition 4.2. Let G be a c-totally minimal locally solvable group. If G has a
compact open normal subgroup N , then G is compact.
Proof. By Theorem 3.10, the locally solvable discrete group G/N is hereditarily
totally minimal. By Fact 2.9, G/N is finite. This implies that G is compact. 
We proved in Theorem 2.11 that a locally solvable c-minimal Lie group is com-
pact. In view of Lemma 2.4 we ask:
Question 4.3. Let G be a locally compact, locally solvable, c-minimal balanced
group. Is G compact?
Let G be a locally compact balanced group satisfying the following conditions:
(1) every abelian subgroup of G has compact closure;
(2) G is topologically locally finite (i.e., each precompact subset of G generates
a precompact subgroup).
Grosser and Herfort conjectured that such a topological group is either totally
disconnected or compact (see Remark on page 222 of [19]). Even though we cannot
provide a positive answer to Question 4.3 at this point, we shall see in Corollary 4.5
below that a locally compact, locally solvable, c-minimal balanced group satisfies
the compactness conditions (1)-(2). The next proposition extends [7, Proposition
2.2] from the abelian case.
Proposition 4.4. Let G be a compactly covered, locally compact, locally solvable
balanced group. Then every compact subset of G is contained in a compact open
subgroup of G.
Proof. Let K be a compact subset of G. Since G is locally compact there exists
a compact neighborhood V of the identity e. Replacing K, if necessary, with its
superset (K ∪ {e}) ⋅ V we may assume, without loss of generality, that K itself
is a neighborhood of e. The rest of the proof is very similar to the proof of [7,
Proposition 2.2], and we give it here for the sake of completeness.
Consider the quotient homomorphism q ∶ G→ G/c(G). As G is a locally compact
compactly covered group, so is its closed subgroup c(G). By Fact 2.2, c(G) is
9compact. Since G/c(G) is a locally compact totally disconnected balanced group,
it has a local base at the identity consisting of compact open normal subgroups.
Let U be a compact open normal subgroup of G/c(G) contained in q(K). Being
discrete and compactly covered, the group (G/c(G))/U is torsion. By Fact 2.8, it
is a locally solvable locally finite group. Hence, there exists a finite subgroup N of
(G/c(G))/U containing the finite set r(q(K)), where
r ∶ G/c(G)→ (G/c(G))/U
is the quotient homomorphism. Since the groups U, c(G) and N are all compact,
it follows that (r ○ q)−1(N) is a compact open subgroup of G containing K, as
needed. 
Corollary 4.5. Let G be a locally compact, locally solvable, c-minimal balanced
group. Then G is topologically locally finite and every abelian subgroup of G has
compact closure.
Proof. By Lemma 2.1, G is compactly covered. It follows from Proposition 4.4
that G is topologically locally finite. By Fact 1.2, every abelian subgroup of G has
compact closure. 
Let N be a compact open normal subgroup of a topological group G. By Propo-
sition 3.6, if G/N is hereditarily minimal, then G is c-minimal. Moreover, by
Theorem 3.10, G is c-totally minimal if and only if G/N is hereditarily totally
minimal.
Question 4.6. Let G be a c-minimal group with a compact open normal subgroup
N . Is G/N hereditarily minimal?
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